We consider the Weyl-Dirac theory which in the weak field approximation leads to a gravitational potential differing from that of the Newtonian by a repulsive correction term increasing with distance. The scale of the correction term appears to be determined by the time variation rate of the gravitational coupling. It is shown that if the time variation rate of gravitational coupling is chosen from its observational bound, the theory can explain the flat rotation curves of typical spiral galaxies, without the dark matter hypothesis. In this case the intergalactic effects and the gravitational lensing of clusters of galaxies are also obtained.
Introduction
It has long been known that the standard gravitational theories can not correctly describe the dynamics of large astronomical systems. The rotation curves of spiral galaxies and the gravitational lensing by galaxies are the famous astronomical observations showing the problem the standard theories encountered on galactic scales [1, 3] . The rotation velocities usually tend toward constant and slightly rising values as a function of distance from the center of galaxy. This is in sharp contrast to the inverse square force law which implies a decline in velocity. The gravitational lensing of clusters of galaxies is the other observation that appears to be in conflict with the standard gravitational theories on extra galactic scales [3] .
These observations are usually explained by postulating the existence of dark matter [2, 3] . Since there is no established observation of dark matter, people have led to believe that the standard gravitational theories should be modified on large length scales. Many attempts on this subject have emerged in recent years [4] - [13] .
The purpose of the present paper is to undertake an investigation on the predictions for the dynamics of large astronomical systems in the Weyl-Dirac theory [15] . The theory is the Weyl's theory [15] and modified by Dirac. Dirac made use of the theory to provide a framework to explain his large number hypothesis. This modified theory can be considered as a scalar tensor theory of gravity and leads to a time varying gravitational coupling G in accordance to the Dirac hypothesis. In comparison with Wel's theory this modified theory is simpler and in agrement with general theory of relativity. As we shall show in the present work this variation has significant consequences on the dynamics of astronomical objects.
The organization of this paper is as follows: in the next section we briefly discuss the out lines of the Weyl's geometry. In section 3 we introduce the Weyl-Dirac model. In section 4 we present the spherically symmetric solutions of the model for a point-like mass source. The related calculations can also be found in [17] . In section 5 we generalize the solutions to galaxies as spherically symmetric extended mass sources and discuss the possible fits to flat rotation curves of typical spiral galaxies. Sections 6 and 7 are devoted to the intergalactic effects and the gravitational lensing. Concluding remarks are presented in section 8 .
In what follows we shall use units in which of theh = c = G = 1, however in order to interpret physical results some times we turn to conventional units. The signature is (-,+,+,+) and the convention for the sign of the curvature tensor is that of Misner, Thorne and Wheller [18] . For simplicity, indices of scalar fields stand for their covariant derivatives.
The Weyl's Geometry
The Weyl's geometry is a natural generalization of the Rimanian geometry [15] . In Weyl's geometry the length of a vector is assumed to change as well as its direction in a parallel displacement. This means that if a vector has length l at a point with coordinates
after a parallel displacement δx µ . The covariant vectors k µ are considered as the field quantities and may be called the Weyl's meson fields. By equation (1), the total displacement round a small closed loop is
where
is called length curvature [16] and δS µν is the element of area enclosed by the loop. It follows from definition (1) that the comparison of elements of length at two different point which are not separated by an infinitesimal distance, can be made only with respect to a path joining the points, and different paths lead to different results. The comparison then is possible if one can arbitrarily define the standards of length at each space-time point. A change of these standards can be parameterized by means of an arbitrary function Ω(x µ ), such that length l is changed to
and k
Such a transformation does not change the tensor fields F µν defined in equation (3) . One should note that the tensor fields F µν satisfy the differential equations
Equations (3) and (6) are so similar to Maxwell equations relating the vector potential with the electromagnetic tensor that it is natural to interpret k µ and F µν in just the same manner, and the transformations (5) as gauge transformations [19] . Hence the meson fields k µ may be recognized as photons. However on the basis of the axiomatic formulation of spacetime theory presented by Ehlers, Pirani, and Schild, [20] this interpretation is unacceptable. It seems that the length curvature F µν must be ascribe to a phenomenon which has not been observed in nature until now. It has been shown that Weyl's mesons do not interact with leptons or quarks and other vector mesons in minimal form [21] - [23] . They only interact with gravitons and scalar mesons, i.e Higgs fields. It is interesting to ponder whether Weyl's mesons may account for at least part of the dark matter in the universe. Some attempts on the subject can be found which considered the global structure of the universe [24] - [27] . In this paper we study if the Weyl-Dirac theory can predict the dark matter effects on the dynamics of astronomical objects.
The Model
Consider the Weyl-Dirac action functional [14] S[φ,
where α is a dimension-less constant and φ * is the co-covariant derivative of the scalar field φ and is defined as ‡
and * R is the modified curvature scalar given by * R = R + 6k
with R being the scalar curvature. The original Weyl's action contains the term ( * R) 2 instead of the term * Rφ 2 . Dirac proposed the term * Rφ 2 , thereby avoiding the great complication of Weyl's action.
Using definitions (9) and (10) one arrives at
‡ In Weyl's geometry, a localized quantity ψ is called a co-tensor if under local unite transformation, it transforms as ψ ′ = Ω n (x µ )ψ. Then ψ is said to be of power n. Also a co-covariant derivative is a modified covariant derivative and is a co-tensor. For a scalar field S it is defined as
Here φ is a scalar field of power n = −1.
the term 6(φ 2 k µ ) ;µ √ −g is a total differential and can be dropped out.
The action (11) is invariant under local transformations of units, that is under general conformal transformations. Here local unit transformations are taken to be composed of the gauge transformation defined in the relations (2,3) and
In order to incorporate matter fields, we add the matter action S m to action (11) . We may suppose that S m is built out of matter fields in the usual way.
Varying S[φ, k µ ] + S m with respect to g µν , φ and k µ respectively gives
Here
g µν R is the Einstein tensor and
Also Σ µν is the stress-energy tensor of the matter fields and is given by
and J µ denotes the current
The invariance of S under coordinate transformations leads, when the field equations of motion are satisfied, to Σ ;µ
This identity can alternatively be obtained from (14)- (20) . The relation (22) implies that Σ µν is a conserved stress-energy tensor. From (16) one can also derive the current conservation law
We should note that equations (14)- (16) are not independent. Tacking the trace of equation (14), using the definitions (17)- (19) and comparing the result with equations (15) and (16), one finds Σ
This means that only trace-less matter is allowed to be consistently coupled to the theory. This is a manifestation of the conformal invariance of the present theory.
Mass Source Field
Let us study the field of a mass source at rest at the origin. Suppose that the source is in a current free region in which the effect of other matter in the universe can be neglected, so we may consider Σ µν = 0 and J µ = 0 in the field equations. Now consider the spherically symmetric line-element
with υ and λ as functions of t and r. We shall neglect the factor α − 6 which can be shown to be small [28, 9] . Then from equation (16) we infer
where γ(t) is an arbitrary function of time t coming from integration. Using relation (26) in field equations (14), one finds
The forms of the left hand side of equations (28) and (29) suggest that
Using equations (29) and (30), equations (27) and (28) are identical, provided f (t) satisfies
The last expression gives
where β is a constant parameter. After some manipulations we obtain the generalization of the results derived in [28] , as
with
where we assume γ(t) = q φ . The parameters m and q are constant and may be interpreted as mass and charge of the source.
The above solutions are valid for any gauge function φ(t). We choose the Einstein gauge (ds 2 → ds = φ 2 ds 2 , φ →φ = 1). In this case one gets
which immediately yields
It should be noticed that the factor φ −2 of Σ µν in (14) can be considered as the gravitational coupling G in natural units (h = c = 1). Hence we may consider
Using (38), the last expression leads to
0 may be interpreted as the Newtonian coupling constant and then the exponential factor e −2βT shows the time evolution of G with T being the time elapsing from the present. From (40) we find
The empirical measurements on the time evolution of G shows that
[30]. This requires −6.5 × 10
Galactic Flat Rotation Curves
In this section we apply the results obtained in the previous section to the rotational velocities of typical spiral galaxies. In order to obtain the gravitational potential V of the mass source m considered in section 2, let us consider the weak field limit
From (36) and (34) 
when neglecting of 1 r 2 at large scales. We note that (45) differs from the Newtonian gravitational potential by some correction terms. The presence of the variable gravitational coupling G may equivalently account for this discrepancy, in accordance with [34] . We may note that the parameter β appears in all of the correction terms. Taking into account the possible bound on β which is given in (42), the correction terms are too small even if we consider m to be of the order of a typical galactic mass. However the last term
may present significant effects at galactic scales. To see this let us first generalize the gravitational potential V for an extended object as a galaxy.
To this end we have to consider a galaxy core model based on a mass distribution. We shall consider a spherically symmetric galaxy with a core density ρ c , within a core radius r < r c . It should be noticed that in order to more accurately describe the core behavior, one may consider the bulge or thin disc effects according to the observational distribution of the luminous matter of a typical galaxy. However the model we consider here yields a reasonable description of the velocity rotation curves. In this case the gravitational potential becomes a function of r from the center of the galaxy as follows
where we neglect the other terms of (45). In (46) M is the total ordinary mass including stars and gas of the galaxy and M ⊙ indicates the solar system mass and I cm is the moment of inertia about the center of mass and
is the mass inside the luminous core of the galaxy described by a ball of the radius r = r c . Inside the ball the dynamics is described by Newtonian theory and the effect of the second term in (46) is negligible. Moreover outside the core the effect of the second term becomes more important. A simple model of M(r) is given by [13] M(r) = M r r + r c 2 .
(48)
From (46) the square of the rotational velocity can be obtained as
To fit the rotational velocities of galaxies we have a free parameter β which must be chosen in it's observational bound (42) . The following figure shows an example of the possible fitted curves for 4 galaxies. They are NGC 1560, NGC 247, IC 2574, NGC 3109. The fits can be improved if we consider the bulge and disk effects and the gas distributions according to the observations for each galaxy. The values of the parameters used to fit the rotation curves of sample galaxies are listed in the following table. It should be noticed that the values of β which is used to fit the curves are in it's observational bound (43). The deflection angle of light rays passing through a gravitational potential V is given by
where the integral is evaluated along the path light travels between the distant source (s) and the distant observer (o) and ∇ ⊥ denotes the derivative in the direction perpendicular to the path. From (46) we find the deflection angle
where b and d os denote the impact parameter and the distance between observer and source, respectively.
The relation (54) shows a larger light deflection than is expected from standard gravitational theories. For example for a cluster with b ∼ 1 Mpc and d os = 6 Gpc and β ∼ 0.385 × 10 −17 yr −1 we obtain
Therefore the increase in the light deflection may be explained without the dark matter hypothesis.
Concluding Remarks
We have considered the Weyl-Dirac theory and showed that the spherically symmetric solutions of the theory lead to a gravitational potential which differs from the Newtonian one because of a repulsive correction term increasing with distance. The correction term appears to be determined by the time variation rate of the gravitational coupling. We see that the correction term for an extended massive source as a galaxy becomes more important specially at galactic distances. Hence one may expect that the theory has significant consequences for galaxies and on galactic scales.
Choosing appropriate values of the time variation rate of gravitational coupling, we have explained the flat rotation curves of typical spiral galaxies with good approximation. The fits can be improved if the bulge and disk effects are considered as well.
We have also showed that the theory can explain the intergalactic effects and the gravitational lensing of clusters without the exotic dark matter hypothesis.
